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Abstract 



In this paper we will compute the entropy of a Schwarzschild black 
hole by finding a classical central charge of the Virasoro algebra of a 
liouville theory and using the Cardy formula. This is done by per- 
forming a dimensional reduction of the Einstein-Hilbert action with 
the Ansatz of spherical symmetry and writing the metric in confor- 
mally flat form. We obtain two coupled field equations and using the 
near horizon approximation the field equation for the conformal factor 
decouples becoming a Liouville equation. The generators of conformal 
transformations of a liouville theory form a Virasoro algebra with a 
classical central charge. It is then possible to compute the black hole 
entropy via Cardy formula and so to count the microstates responsi- 
ble for this entropy. This computation is independent from a specific 
quantum theory of gravity model. 

1 Introduction 

It is a well known fact that for black holes there are 4 theorems of differential 
geometry called the "4 laws of black hole mechanics" . 



K = const on H 



(1) 



SM = —6A + Q6J + Me 



(2) 
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SA=>0 in every phys. process (3) 

K = BH not realizable (4) 

One can notice the strong analogy to the laws of thermodynamics if one 
associates to the mass M the energy to the surface gravity k, the temperature 
and to to the horizon area A the entropy. But at classical level this is only a 
formal analogy because a black hole being "black" has T = 0. The situation 
changes dramatically when one considers quantum effects near the horizon. 
Hawking ||2j showed in his famous article that due to quantum effects a black 
hole emits a thermal radiation proportional to the surface gravity 

So the 4 laws of black hole mechanics are not only an analogy to the laws of 
thermodynamics but are really the laws of thermodynamics applied to black 
holes. So one can conclude that a black hole possesses an entropy given by 
the Bekenstein-Hawking formula [3] 

Now in thermodynamics the entropy has a statistical interpretation in terms 
of microstates given by the boltzmann formula 

S = kB log AT . 

So there arises the question wich are the microstates of the black hole respon- 
sible for the entropy. One possibility would be, if we consider the black hole 
as a collapsed star, to take the degrees of freedom of matter as responsible 
for the entropy. But if we compare the entropy of a non collapsed star of 
1 solar mass that is about S = lO^^ks with the entropy of a black hole of 
1 solar mass that is abot S = 10^'' /c^ we see that there are 19 magnitudes 
missing. One can conclude that the relevant role for the black hole entropy 
is played by the gravitational degrees of freedom. The problem is now that 
no complete quantum theory of gravty exists at the moment. There exist 
of course some specific models for quantum gravity like superstrings or loop 
quantum gravity, wich can succesfuUy compute the entropy of some classes 
of black holes, but it remains the fact that the black hole entropy was found 
by means of semiclassical calculations and already at classical level one can 
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see the thermodynamic properties of black holes by means of the 4 laws of 
black hole mechanics. We will therefore show in this paper , which is based on 
an article written by A. Giacomini & N. Pinamonti, '4J that it is possible to 
count the microstates of a black hole in a way that is completely independent 
of a specific model of quantum theory of gravity. This is done by finding a 
classical symmetry principle, in our case the 2-D conformal symmetry. 
In order to understand the role of 2-D conformal symmetry in counting the 
black hole microstates let us recall some standard features of 2-D conformal 
symmetry. Introducing complex coordinates the flat metric can be written 
in the form 

ds^ = dzdz 
and we see that every analytic function 

z f{z) ; z J{z) 
defines a conformal transformation 

,2 dfdj 

ds = t;— = p(zz)dzdz . 
oz oz 

The infinitesimal generators of such transformations 
close a lie algebra 

[On, Gm] = {n- m)Gn+m ■ (7) 

In 2D CFT the stress energy tensor has only two components i.e. one analytic 
and the other antianalytic 

T = T,, ; T = T^ (8) 

9,T = ; 9^T = (9) 
We can therefore expand for example T in Laurent series 

OO T 

In the quantum case the L„ become operators and relatively to the commu- 
tator form a Virasoro algebra 

[Ln, Lm] = {n- m)Ln+m + ^2*^"^^ ~ m)5m-n ■ (10) 
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This is a central extension of the algebra ((7j). The central extension in the 
commutator algebra arises because of the normal ordering of the creation 
operators. It is a standard result for quantum CFT in 2-D that the asymp- 
totic density of states for given Lq is completely determined by the Virasoro 
algebra by means of the Cardy formula j3] 



The entropy can therefore be calculated by using the logarithm of the Cardy 
formula 



A central extension of the conformal algebra (|7j) can already arise at classical 
level in the Poisson algebra of the charges, as for example in the Liouville 
theory [Hj. 

How can we now use the powerful tools of 2-D CFT for the counting of 
microstates of a black hole? We notice that all the relevant geometry of a 
black hole is encoded in the r — t plane which is a 2-D manifold . Therefore 
if we find a classical conformal symmetry for the geometry of the r — t plane 
which admits a virasoro algebra with a classic central charge we would be able 
to count the microstates of the black hole via Cardy formula without the use 
of any quantum theory of gravity. One interesting approach in this direction 
was made by Carlip [7j computing the Poisson brackets of the canonical 
generators which preserve certain fall off conditions of the metric near the 
horizon. This idea is based on an article of J.D. Brown and M. Henneaux, 
where the central charge of the Poisson algebra of generators preserving the 
asymptotic structure of AdS^ is found jH] . This approach seems to have 
some technical difficulties especially for the Schwarzschild black hole P , 
[TUj . We will use in this paper a different approach: using the Ansatz of 
spherical symmetry (we are interested in the Schwarzschild black hole) we 
will perform a dimensional reduction and obtain an effective 2-D theory. 
Using then a near horizon approximation we will eventually find that all 
the dynamics is described by a Liouville theory with a computable classical 
central charge. We can then use this classical Virasoro algebra to compute 
the Schwarzschild black hole entropy via Cardy formula. 




(11) 



5" = In p . 



4 



2 Dimensional reduction 



Let us start with the usual 4-dimensional Einstein-Hilbert action 

1 



gR(fx . (12) 



167r 

We make the Ansatz of spherical symmery 

ds^ = g^fdx'dx^ + $^(xi, X2) {de"^ + sin^ ed(j)'^) , (13) 

where the metric of a 2-D manifold and $ is a radial coordinate. We 

write now the action (|12p in function of the 2-dimensional curvature scalar 
R^"^^ and $ and integrate over the angular variables. We obtain an effective 
action of a 2-dimensional gravity coupled to a dilaton field 

I = ^J d\^-gi^) (2(V$)2 + + 2) . (14) 

One possibility would be to study the dynamics of the dilaton field and see 
if near horizon it becomes a conformal field. This has already been done by 
Solodukhin ^|. In this paper we argue that the relevant degree of freedom 
is the metric of the r — t plane and so in order to put this action in a more 
useful form we redefine 



^' = V ; gai = ^9a, (15) 



obtaining the action 



(16) 



where the dilatonic potential V{r]) in our case is V^(?7) = . Up to now 
we have a theory with 2 degrees of freedom: The field 77 which is related to 
the radius of the 2-sphere while g contains the geometry of the r — t plane. 
It is well known that in 2 dimensions the metric can always be written in 
conformally flat form 

9ah = e~'^''lah , (17) 

where 7 is the 2-dimensional Minkowski metric. Therefore all the geometry 
of the r — t plane is described by the field p. The action (fT^ using (fTTj) 
becomes 
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I = \j {-daVd^p + Vir])e-''P) . (18) 

We obtain so a theory of two fields propagating in flat spacetime. From the 
last action we obtain two coupled equations of motion 

ap + dr,V{ri)e-^P = ; Or] - 2V{ri)e-^P = . (19) 

As we have gauge fixed the metric to the form ()17|) the fields must also satisfy 
the constraints 

^,=Ta, = 0. (20) 

Introducing now Light coordinates = ± x"^ the equations of motion 
take the form 

d,d_p - MMe-^^ = ; O.d.v + ^e-^ = (21) 
and the constraints ^KH ) can now be written as 

T±± = d±d±7] + 2d±pd±7] = . (22) 

Notice that the last equation of (j?T|) plus the constraints imply the first 
equation of (pT|l . 



3 Near-horizon approximation 

Up to now we have only made an Ansatz of spherical symmetry. If we impose 
the existence of a black hole the r — t plane metric becomes 

ds^ = -N\r)de + -^dr^ . (23) 

Now as near horizon approximation the lapse function can be approxi- 
mated by 

N'^ir) = 2K{r -Tq) . (24) 

Introducing the coordinate r = rg + Ky^/2 the near horizon metric takes the 
Rindler form 
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ds'^ = -K^y'^dt^ + dy"^ (25) 
Now introducing = ± log y we eventually obtain 

ds^ = —dx^dx^ exp (^x~^ — x~^ . (26) 

Comparing this expression with the equation (jl7|) we can find the form of 
the conformal factor p near the horizon 

- 2p = x+ - x~ . (27) 
Notice that it easy to integrate the constraint (j22j) 

a±r/ = exp(-2p + C^(x^) , (28) 

where C^: is an arbitrary function of x^ In the near horizon limit i.e. taking 
x^ — > =Foo and because of (fTfj) this means p ^ oo we obtain 

d±ri = 0^7] = const . (29) 

This means that in the near horizon limit the dilaton field can be considered 
as fixed at it's value on the horizon rjo. In that case it is immediate to 
check that the constraints (j^^ and the second equation of motion in ()2ip 
are identically satisfied. As equation of motion survives therefore only 

d+d-P + ^^e-^p = . (30) 

This is the classical Liouville equation. Therefore we can conclude that in 
the near horizon limit all the dynamics of the black hole is described by the 
field p, which describes the geometry of the r — t plane. The dynamics of 
this field is governed by the Liouville equation. It is a well known fact that 
the Liouville theory possesses a clasical central charge. 

4 Virasoro algebra 

In order to find a Virasoro algebra we must introduce a set of generators. To 
do this let us first notice that the most general action that gives the Liouville 
equation is 
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I = C jfg {)^d,pd^p + l^e-^'' - -^pR[g]^ . (31) 

In our case /3 = 2 and p = l/rj^^"^. It is important to stress that we haven't 
derived the action (jHlj) from the gravitational one (fTH|) but this is the most 
general action that gives the Liouville equation (jHOI)- The constant C in the 
action is arbitrary for the moment and will be fixed later. The stress energy 
tensor derived from the last action is in lightcone coordinates 

T±± = C (d^pd^p + l^i^ip) ■ (32) 

The term with the second derivatives arises from the variation of the scalar 
curvature term in the action (jHT|) and remains also after choosing a flat fixed 
background , where R is then of course zero. Now the constant C in the 
action (jHT|) is set in such a way that the energy of the system equals the 
mass of the black hole Mb- 

Tndx^ = Mb^C = — . (33) 

-I/V2 2711 

The parameter I is a cutoff parameter that eventually must tend to infinity. 
Now we can define the generators 

A /2k 

L^= I ^dx^^^T^i , (34) 

J-1/2K 

where the factor 2k, in the integration is used to match the euclidean period- 
icity. The ^„ are smearing fields defined as 

C=^exp(^-.^nx j . (35) 
We can now compute easily the Poisson brackets of the generators 

{Ln, ^m}p^ = ^in - m)L^^^ + i^n^6^+n,o , (36) 

with 

^0^ = (37) 
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(38) 



Now for every fixed value of the cutoff / we are able to compute the entropy 
with the logarithm of the Cardy formula 



which is exactly the Bekenstein-Hawking entropy. If we let tend the cutoff 
to infinity the Lq generator diverges and the central charge tends to zero. 
But we notice in the Cardy formula we have the product Lqc and therefore 
the result of the computation does not depend on I. We remember that a 
zero central charge was also found in ^2] ■, ^2] ■ Therefore evntually we have 
"counted" the microstates of a black hole without using detail of a specific 
model of quantum theory of gravity, but using only the classical near horizon 
structure of the black hole. 
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